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CENERAL TeWCiPLES . FUNDAMENTAL LAWS AVD EQUATIoNS

A VUNBER of THE  FunDIMENTHL "LAwsS” gf comTImvuM MECHAMIE S

CAN BE  EXPResSSEDR jn TERMS pF QuservATIoN PR BALANCE  EQuATION S ..

D CONSERVATION ¢OF MASS
2) (on3ERVATION of Ldese MoMENTUM  (vewtpué 272 Lhw)
3) CoNSERVATION gF  ANGVIAE  MgMENTYM

M) CouseeVATION oF EVeRyY (Y Law oF THeRMPDYMAM ¢S )

OF (OURSE, ThE CLAVSIS-DUHEM IWEQUALITY (27 aw gf THERMODYW AMLES )

PUCES RESTRICTIgNS 0N THE DleecTion oF THE FLow gf HeaT 4wP ENERLY,
IN orpe T PeEFRCY  pug  D\ScUsSSION oF THE (FENERAL PrINCIPLES OF
CoNTINUM  MECHANICS ) 1T 1S USER/L T JuTe0PucE THE poTe oF

THE MATeRiaL TIMG DERIWVATIVE 0F A VOLUME INTECRAL

MaTeriar TIME DERWATIVE pf A VoLuME WTEFRAL

> TMPORTANT FOR AN EVLERIAN DESCRIPTIoN EMPLYING A CoNTROL VoLume

CoNSI1DER A Yowme , V, v THE C(vRRENT (D¥meEMep) CowFifpveATion
THAT  CONTAINS A COLLECTION gF PALTICLES . CONSIPER Ay ARBITRARY
TENSaR/Fﬁ, THAT 1S5 AssociATEDP WITH A FPHY3ICAL ProrerTY oF
INTEREST, THEN

I~

—

(mdv - fd(ﬁdV} - H AM AV 4 MA_,(AV)]
v v VoM o

4
ot
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BuT jfﬂ(cm:&l{f: Ve dV = v, - AV = D, AV (Feom  Befee)
t ” '
” V= evizean Yowome -
Thed ' | U= EVLERIAN \/E?«OCI'TY

A

A WAV = ([ JH ¢ My.v AVzg[}:M@Mij[ AV
M'\ISN VHM” ”N”] v v~ f
BuT 0(’() () Q()fﬂ'V() EULERIAN
AND 0
M
4 (ndv - ([aMs gt vy AV < fLon s g (rn)]dv
du' ; ok~ - :9}

VSin.  wbex VOTATIoN

ﬁgmy AV ([ oM e 2 M+ v iy (4
Y v f
St < 2 (g )]s

ATPLY THEe DIVERGENCE Theozew To THE 272 TERM 10 THE WTEFRAUD.

Recare

fradv= fa-ads o
v g

—e N
A

N——— S

NOLUME WTEGRAL  SUeFhcE IWTEGRAC
WV oS

oL

§3, et A7 [rity 4

b



e

: %

J

, 208
RATE 0F N(REASE OF THE TOTAL AMouNT
THew o oF M wWsipg V
"

d J o (V = fQ e AV + ji’\-’]ﬁ .

& M Joes 0 airMﬁ A R Mnj.., AS
v v 3

" (ENERAL STATEMENT oF

jﬂ dV - §2 M AV + f(g-?f) i;v’\ As REYNOLDS  TANSPoRT

v

x>

s THEOREM

RATE OF INCREASE OF ;:1 'Pogsgjsgp FLux of l/‘j THRoU(H THE SVRFACE oF V.
BY THE COWECTION OF PART\CLES. CouveeTive Flux TERM
)UST/-}NTAA/EOOﬁLY wsiwe V.

LocaL creation / (reveaTion oF

fﬁ w V,

CoNsERVATION oF MA3S  (couTiaviry EguaTion)

REALL THE DeCINITIgN oF THE MASS DeENSITY

P J/% Am = dm MASS DENSITY

AV20 AV Jv

m = M455/ v = YoLoMmg
THEN  THE ToTAL MASS I8 THE ConTInVYUM 1S GIVEN BY

m > g@(&*)/‘/o (L pantion)
’
AwD ’
mo G jp(ﬂ, 1AV (eviepigw)
Vv
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USING AN EULERIAN DescerPTion, THIS SUGLESTS THAF
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ConSeNATI0P  OF MASS © THe MASS oF A BoDY, gz ANY Pme'rm/u oF THE Boby
AT,
-

/
BEMAINS  (ONSTANT W EVERY CONFIGURATION (Aie, MASS 15 INVAEIANT Uwber

L
2"

AJ(JAVf @dez(ﬂ)] j [ 4 4pT- v 14T =0

= AV

/

For. AreiTrARY voLvme U

0%;()+/)V7/'

A+ pvy
o 07

S
"
S

CONTINVITY EQUATION

(Cuer1\AN  STATEMENT OF (opSERVATION
OF MAsS)

on

9 ° i =
S T Yp apYy to

—_

4
it

\F THE DENSITY OF WPIVIDUAL PARTICLES |5 CoNSTANT, THEN THe

Flow [MoTion 15 wlgm PRESSIBLE

ARD /§=

¢-v =0 EULERIAN STATEMENT oF
Vi =0 INCOMPRESSIBLE MoTIoN
J

= 1$0cHoere (VoLume meswva FLow

2 VELoaTY S Dwer[edcE Feee
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BASED  UPow THE (ONSERVATION OF Mags

P

)
M= g{/)(’){,r)/{v = \fﬁ(glf)dvo ToTAC MASS
vV
~— S /o = DENSITY W ﬁp
EVLERAN LA RANGIAN P Dens Ty /,«//2
BuT AV = T4V,
m = fﬁ(g/*)J'Mo - fﬁ (x 1) AV,
v, AL |
= _§</)I "/70>¢{V0 =0 CwservVATION oF MASS
Y,
= | pJ =(),, 1 AGRANGIAN  STATEMENT oF
o CONSERVATIYN OF MASS

AND

J= 1 } LA manp A8 STATEMEPT oF
INCompressi gLe MoTioN (p - Com sTANT)

B Socdorrc (NoLUme presepvinm %) MoTipn

RePeaTint THe Previovs RESULTS

/7 + {; \Z Vo= EvleRAN STATEM ENT of

St o= CoNSERVATION OF MASS
r /)IVA/” 0 0 fioe oF 1S

s =0 EVLERIAN  STATEMENT ¢f

v
l Ve =0 INCOMPRESSIBLE  MoTigN (/3 Zéfﬂ)
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,}7 SINCE J[) :[)0

m C(?/‘/f?PEIQ THE lNTf(/ML H\)VOL\/HVO ABBIT{M@\/ TE’\}SV/Z/M
po

f Pl 1 I4Y,

P

I

AVZ:% gpﬁﬁdﬂ(%ﬂJV’=ﬁ

(€
W/————‘/

LA AN GIAN

s
%() 2.0

d S M
g
E
v/*\\/,m_/—“
EULERIAN

-9 .
40) =20+ 1-.20)

L

EVAWATE MATERIAL TiMg DERIVATIVE VSINGE (AlrraNGAN “‘)TE(/M(/ NOTIN (dv(,):()

[[htpon + 4xpr]an

%

4( MAV = d v, -
MV§FN #J/JTR’IA

BUT f\r: ﬁ” LAFRANGIAN FDIZM oF C&NT/N'//TY EQU‘}Tla,’\/

&)
”I” d = - /
M (/)J') dé/(f (/)0) 2.
THEN
d § M AV = AM Tdy, = [ omav
VY 0 N~ —
= AV , Et/l,m//;/v.'
Hence
4JKMJV: [pddV | sresmry
# 0~ v A
20 From CONSERVATION OF mAs5
dm) =0

o %Sﬁﬂdv:f[/;g\dV+ﬂ(M - fﬁﬁﬁlv
v Y v



2tz

U4 .
T W) The TiMe RATE

ConservATION oF LIveAR MomenTvm ( NEWTow
OF CHANGE oF Lin EAR MoMENTUM For A BODY 1S EQUAL TO THE RESULTANT

/ P \
)
R—

Fopce acTING ov THE BoDy.

VOLUME |NSTANTANEQUSLY

CONSIDER THE RESULTANT ForcES ACTING g 4 FwiTE
ENCLOSING A& FEixep SET OF PAHRETICLES UNDER (onSIDERA TIoN (tumzv%/)

/72 = BoDY Fopce

Ky
SUNIT oV TWAED NoRMAL

™=

Nﬁ

t G p T

TRACTION VECTO R

LIWEAR MomeuTVM VECTOR (fvvmr)

Spuav -

o~

\
THEN  BY  CoMSERVATIN  OF LINEAR MoMENTYM
Rmum,«/r Foect DUE To SURFACE TRAC(TIONS oN 8

4 /{ j TAS + g b AV
G ReSULTAMT  Fppee DuE To BoDy Foece NV

BuT T = neT  cavedys T LAy
~ ~ o~

d =

WHERE T CAVCHY 3STresSs TeNSIR

f()v dV = jy\al(_]: dd + fftf(v APPLY DWERLENCE THEoLEM
v S v
of  Baunce

jfj_f AV = gyvgo@‘H{MdV (LoBaL  ForM
v ¥ v 0F LINEAR MoMENTUM
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Siveg 15 NLBITRARY/ THE INTERRAND [0 THE PRECEDIVE EQuATION Musy

OISH e
9 Q/ = " = — _
,\Z o T (J,k?, P'U f 2 LoAL ForM OF THE BHLANCE OF
| Lnere Momen vt ( EQUATION'S oF Mgriow )
03*‘/). ¥ {);‘b,{ LA /ﬂ{( R = EULERIAN A CCELERATION

Q:%g:ijJrUV\f
Mry v Py TPV 4 1;97&
pre TP

Foe THE SraTic case /ﬂfA =0

03"15 N {) 3’,{ =0 EQuitigzium  EQUATION

(SaME As BERRE).

IM@’O@TAHT: THE CAVCHY 3Tress TENSOR /Q”, DeaNES THE AcTuAL FolcE

Pee AcTuAL AREA |w THE DefFoemeD C&NPI(,UEATWA) /

S T 15 4N EvierdN QuawtiTY (T}’aue,\grzeﬁ)

=BT 08 POSS18LE To CoNSTRVCT LAGRANUIAN MEASVRES of sSTRESS
Foe MATHEMATICHL CONVENIENCE | ALTHOULH SVCH MEASURES
HAVE No o PHYSicaL [NTERPRETATION

— EXAMPLES s , L) ZND Ploth~ KIR CHHOFF STRESS
TENSOR S
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JOMINAL 0R  PIOWA KiRCHHOFF STREsses (LAGRANGIAN )

THE CAVCHY STeESS TENSﬂZ/ f/ WAS DeEAED IN TERMS 0F THE (PMPoNENTS
0F TRA(Tn (A(TUAL force FER UNIT ACTUAL AREA w(}) ACTING o0 THREE

MUTUALLY ORTHoponNAL PUANES () THE DeEfo’MeD (UNFGURATION, WHERE

THE Punes Are PCerPenNDicULAR Ty (oprDIMATE AXES,

O ELASTICITY TweoeY, A LAGRAN(1AN (or Mamem) FoemutaTion 1€
(FENERALLY PREFERRED SINCE 1T 15 oFTeY ASSUMED THAT THeee EXISTS
A NATVRAL $TATE (Jie., BEFERENCE CONFIGURATION) To wHICH THE Boby
RETURNS wHEN UNLOADED, As A (ONSEQUENCE , \F THE STATE of STRAIN
15 DEANED  REUTVE To THE naturst (UNDEREMED) STATE OF ThE
MATERIAL THEN THE STATE of STRESS MusT ALSp BE DEAVNED WITH
RESPECT To THE REFERENCE  (oNFIGURATION v okDER T§ DEANE

QusTITUTIVE eqw/’ma,uf and  EQUATIONS OF MOTIow N ﬁ,.

(ONSIDER  THE DERMITION of THE TRACTION VECToR T /?

A = ©iFfegeuTIAC Fopce W (?

Aé = DiffceenTiaL ArEd 1 (z

I:‘ AT TRACTION VECTOR

A3 W p
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WE e pefNE  IAFRAMUAN  MEASURES OF STQESS/TEACTMN W TWe WAYS.

D) BY ASSUMING THE DIFFERENTIAL FORCE VECToR. ﬁ(j} ACTS

(WITHOUT CHANLE) N THE UMDERIBMED (puR#URATIN

W)F?Orms THE BASIS Top THE 1 Piolh- RIRCHHeFF STPRESS

. PrC)
g Tewsor (-

= Q/JM) 1S UNSYMMETRIC . THIs POSES ProBLEMS
WHEN  POSTUIATING CONSTITUTIVNE  EQUATIONT N
TeeMS 0F THE SyMMErRiC (REEAD ST, £,
%) BY ASUMWL THE DIFFeRENTIRL foRce VECUR, dlf in f3
15 ALTERED (4'.e,, IN(REASES /pgaZEASES W MAGUITYVDE ANP
RoraTes ) Dueiwg THE DEkerATioN v 4 MAWNER  (ousISTENT
VIt ELemenTAL Vecroes | de, oy = fﬁ(% = di=fep{{”

& Foems e BASIs or THr 272 P)ouh - KIRCHHOFF

(2
STRESS TEMNSOR, (i

7~

PL (=) a
= 0 15 SymmeTe.

IMPRTANT . oz FwITe DERRMATION PRoBLEMS | THe LA FRAN 1 AN

STeesS MEASULES HAVE LITTLE PHYSIAL SIWLNIFICANCE AND Ay

INTRODUCYD fpr MATHEMATICAL CONVENIENCE,



21y,
¢l
|7 PloL4- LIRCHHoFF STREsS TENSOR
”m} ASSUME TWAT THE DIFFERENTIAL force V&R, AF, DERNED RELATIVE
TO T™E peformeDd ConbiEuRATION (/5) A0 ACTS IN THE UUDERORMED
(pereeence /mateeia) conmwverton (po)
5
s a L
N~ 2
=
- Heee: N AND N Age THE UNIT NORMALS T2 THE Surfhce AT PONT P
w 60 AN D (;’ RESPECTIVE LY
Ag, av As Aee The DIfFerenTIAL ElEMENTS OF AREA w3, 4w
ﬂ, RES PECTIVELY,
‘={> o{f 16 THE DIFFERENTIAC fPRCE ACTIVNE IV BOTH ﬂﬂ AND /3
d{f REMAINS UNCHANGED DueiN(G DEformATION
Y ﬁo W /Z
/_A\ /.\_/\,-\
S Y

REALL DEew(Tiov of Tweactiow T = 4

T



a7

ELEMENTAL ELEMENTAL
T Aeea AREA W
_______ . THEN ()W By ARER [
) d5 = T a8, =TAdS =dF
) ‘ Iy CopiCrsrenmiAL

DiFpegeN DAL o B

FoRes 10 ReEFEREN CE TeacTIoN Foece w (;

Po TRACTION IV VElTor mﬁ

(30

pondl  Cwewys T v Tene

Pelr) -1 -] .
T = JF. T - lf‘ F.q VT pioLn - KIRCHROFF  STRESS
| ( LAFRANGIAN)

PrOv)
Q’M. = J A%s O'Kd

D%

T Preh)
MGEANcmT EULERIAN = T \$ 4 TWo-PaNT TENSOR

)

~— 4

) ‘s A Two Porut TENSOR CDW%NDS ON BOTH [ALRANGIAN: ¢ pulkerad coowwmas)

2) 5 A LAGANGIAN MEASURE OF ACTUAL FoRCE PER UNIT YNDEFORMED AREA

- (
3) \$ UNSYMMETRIC ( Q;W \)\4 Awkwhe? 19 use W DERNING  CONSTITUTIVE

EUATIONS WITH A SYMMETRIC STRAIN Tenson )
EPUL SUITED For NUMERICAL SOLUTIONS TO INCREMENTAL PRoZLEmMS
= REASINABLE FOR NUMEL (4 SOLUTIONS TO NAN-UNEAR ELASTIC PROBLEMS

4)  HAS NO PHYSICAL SI-NIELANCE
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THE |¥ PO - K1eCHBOFF STzESS MAY FE vsed  To EVRRCE THe BAIANCE

OF LINEAR MOMENTUM IV THE REFERENCE (OWAGVRATION | A<

d lppendVer 4 {pdJv - (o-gds, + (g K ar,
gy o e

\WH ERE

Peh)

T = Dgranian TRACTION

1)

?v——0 1

é

BODY (orce Ve(Tor v ﬂ
APPLYWE e DIVERGENCE THEoREM

. Pr(1)
fpadi= (Ye-0mdn s (prdn,
Y, 7, v
wheee V= 2 0 LACRANGIAN GRADIEST
~X ol,x OFPERATOR

foe  ARBITRARY Refepence Vorume

Gﬂ)()”

~ K r~ , 2 /)0 % - fo ﬁ L) (-RAN (AN E&UAT/0U5

oF NotTign
prln

‘,;Jf(?b ()7/\ =ﬁﬁ¢.

‘

THE LAGRANGAN EXPRESSION €Ok THE BAUNCE oF LINEAR  PMomnTuM

\$ oF THE SAME forM A3 1TS EuLERIAN @ UNTER EART | BASED VPON
1248))
Q:/ THIS WL 00T 1old TRUE WHEN CoNSIDERING A BAUNCE oF

PLO) PL)
ANGUAR MOMENTUM SINCE ij # 035
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.A/D

27T PolA-KaRCHNOFE STRESS TENS0R

AS5UME THAT THe DIFFERENTIAL FORCE VECTOR df’ DEANEY W THE CYRRENT
CO/UH(/UEATM/J (/3) HAS CHANGED I MAGNITVOE AND DlREcTioN DyRING THE
DERRMATION v A MANNER CoNsISTENT (JITH THE MAPPING A = f»d/gr.
Hewce, WE N DeFwe 4 DJFFeRENTJAL“PsEVD0~ force " VECTOR 0(377 BY
MAPPING RACKWARDS FRoM THE DeEloRmep COMP\(,ueAT;ozx)//?/ To THE Refegesdce

~1
STATE UsIK(r f .

3
A

-
x = F- AX Assume Popce MAPS wro./Z v
~ THE SAME . mawser RS The
Af = Fodf
~ r~

DECIEMATION oF MATERIAL LINE
~ ELEMENTS

v i fe )
= df s streTcHeD AW RorATE® REUTIVE To AF
, A

14

-\
dr = F- 43 WURRSE MAPPIN(

BuT BASE® Ufow THe DEOMITION OF ToaCTioN 1IN THE QRBRRENCE (/;o) An®

SPATIAL (g) (NP GURTION S

t -1

ol,gr% Icwﬁo - E_'T”(g = FeAf

~ ~

2

HEep T - Refecence TRACTIN W 3,
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THen  APPLY IV CAUCHYS FresT 1AW (If neg w/i)

THEMN

A

PL(2)

D 1S A Two PonT TeENSoRQ

Ne T A8, = Fone s
BUT N AS'T TNE 44,
Pr(y) -1 -1 -t -7
Ne T = Fe[TasNf o= TA§N-F - 0-F
—————
Vector
O/?m): J \:"'. g’o F‘T g:”’ PloLA K1eCHHOFF STeess
(LAGRANGIAN) ~ SYmmgreic
pylz) —?
A %n 3%
bt Nl pr () |
Lm,nm(,mm) EULERAN => { % A Two -PoINT TENSIR,
pu(z!

2) |5 A MACRANCAN STRESS MEASURE BASED Ufpn Thi NoTied oF THe

) -1
PSEUDD- Toece VECTOR , AF = F o old

2) 14 SYMMETRI

S BETERZ SvITED Fgo NUMERICAL SoLuTions ARD ConsSTITUTIVE

LAaw DEVELUPMENT

4)  WAS RO PUVYSICAL SipM 1 BIANCE.
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The VX 4D 2% FuLy viecHHoFF STREss TENIORS ARE REVATED ¢

Prlz) -1 -1 Fr(y) -
g =J3f-r-F =0 -t REHTONSHIP BETWEEN
d_?\m) ANb O_?:é(z)
Prle) 244D, ~ ~
i T Tom J X
K

THE IATTER EXPReSSION May BE SUBSTITUTED wiro THE

)
EXPRESSION foR THE FBALANCE pF LWEAR MOMENTUM ) Vorvine O fe

* , . vl T
ALSO T g

~ P

PREVIOUS L RANGIAN

Al
. €.
i ;

P (l)

[ .,
Y'X v + /30}; : (),),14, EQUAT 10K 0F MOTion . N
G PLO) A o 9.
Bur UJFK):((L/ vFr S 0 - F =0
Pelz) T 0 v
YX"['WU . ,t ] + [’0}/ :ﬁ U BALANCE oF LINEAR MOMENTUM
Pr(2)
W Ttems oF T
Pr(= .
NOTE + SINCE 1$ SYMMETRIC , T 1S MORE COMMONLY

Pr1)
USED IN JWCREMENTAL ProBLEMS THAN O

I
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PALANCE 0F ANGUIALZ Momed Tum  (bMymed T of Mo MEPTVM)
Feom CONSERVATION g9F ANtviae MomewTvm, THE TmE RATE 0F CHANGE
OF THE MOMERT OF LW AR NOMENTUM ABOUT SoME RoNT IS EQUAL To THE

Resverant MomernT ABovr TAT owr bue To SvRFace fopces AX®

BoDy FORCES 4BovT THE SAME foInT,

n
~

£~ T = TeACTion VecTon

(2,11 = Booy bpece

[Assuw; NO BopY Mo™MENT

X, X,
d Sxxpydv = Laxpbdv oo Cyxras
M e v 4
~ T = Momenrvm
\f\r\———/ AN e e
MOMENT 0F MoMENTUM MovignT DVE MoMenT DUE 10
T TN S To Bovy Foece SVREACE TeAcTIoV
TIme PATE O0F CHAN(GE
0F ANGVLAZ Mo

VSE CHAIN RULE | EVALUATIN|, Qg S(MV
At

9=uxy 0 Co,u:qe%x;mm
KM/UXU vV ﬂ;vw i Av JV =
v +Vj~x“%) " Vfﬁx/)z;;
s
< T 08 ey foemulh
A~
fxxM;fAVf (xxphdVe fxxn-T4S
v A Y s
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Vsiv INDICAL  NOTATIop

ér C'ijuaxj(""&/{‘v:(g] éﬁn«jf’j’mxv t ﬁg €y 0 N, Ope A8

" - a
+ éj—xr(éajg ,Kj (rrk>jV VSE éHﬁ/” RuLE
. %’P

, o
VSQSM 'XJ' ‘F’\/K AV = \;64)" ’X)‘/)bkdv 1 Vféﬁk'xj ka;PAV+V(645K75/? @M(V

" Vjé‘{).‘k IXJ (()'G'K“ Q—[;Hf ‘()\)V-B AV = S é/fj)g 0—3\4 AV =0
- —

V
=0 Feom BALANCE OF
LNEAL pmomesTUm

For  ARB\TRARY \{owMe/”\]

6*‘3'\/. G}L =0 it @‘,L g OIJ‘ CAVCHY 4Teess  TENsoR )5

SYMMeTRVe  ($mmE Resuer
AS BéFoRE)

NOTC: THE WMomenT (F MOMENTUM  €QUATIONS  MAY ASg BE EXFRESSED
W TERMS  OF LAGRANGIAN WNTCGRALS wVoLving THE 1T Pious  Eiech foff

1440
ITeEs5 TENSOR ,Q— ‘/’ i)

d [xvpudn, = Coxpbah v fantas,
MV i v ” s " N0 0. Pr(1)

>

APPLLATION oF THE DNERLENCE THEIREM g'j/ - A JVO., = S VA JV,
o~ Vo A~ ~

[«

AND  USE  OF TubciAL NOTATION LEADS Té:
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' 0 . i ‘PY_(\)
S éﬁk /Xj (70’% AVO = é ‘643)1 fx)lpo LK ,(Vo 4+ g g_X (65‘4 /)(j. 6;“,_ )d\]o
0 m

0 B
" - I Pr() . Pec)
N f Eige JQX T olVo + géﬂ‘jk% Ty AV,
Y, m v, X,
oe )
Prl S Pra)
. ) ) [} _ _ . . .
gé“:)L q:) (FO'U'L = _é. ka =~ ()D $L>0(—V0 - 0 - é'{)’L 31) G’M\/" A%
Vo a‘X'_W\ 'v'0 éXM
N~
=0 Fpgm CONSERVATION £
OF LINERZ MOMENTIM m
Foo  AegiTRARY Yowme VY,
PL(v)
Edzy 2 Ty 70
9%
)
oR
Px() | PLOD o
2 Ty 21X, 6;\5 U7 Pouyt kirediofe sTRESS TewsoR 1S NOT
aX,, X m SYMMETe(c =
NoTe . Foz Q% deoemATion
_ Pr(v) Py ) ;),X reAaDIENT TENSOR
t, . 0 = (/\\':' e J
r~ [l ~r PK—“) "YJZ) T'
&UT Q/ = 10\’ ® E
THE/K/_ . '
Cre(e) _p PrB) o T Petz) T
Felg cF):[E (™)) - F 0 L F
N r~ ~ ,\/ ~ ~ s A
T
y(z) PE(2) P .
= [,O: 1 27 Pl KieeduoFF STRESS TENSOR 15
SYMMETR(C
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BALANCE oF LiNepr MIMENTUM

CTrpbepy

PeQy) 0
N O

11:. [(V\’—(L)‘ E"T] . fD

==

4
N
=N

1=
[
o

[~

228"

EULERIAD

LA (FRAN (1AM

BALANCE  OF  BuLVIAR MOMENTUM (445 uminG- NO  BODY MOMENTS)

T
¢ = a
r~ ~
_ Pr() pels) T
Foo - [F 1
N~ ~ ~ ~
friz) )y ¥
T s L]
NOTES

EULERIAN

LAGRANGIAN

D W BOTH EULERIAN AND LAURANGIAN (00RDINATES, THE SAME PHYSICS (5 DESCRIBED,

NAMELY THE BEWAVIOR oF 4 FixeD SET OF PheT(ctes (Fixed Mass) OCCVPYING THE VOLUME, V.

W AGRANGIAK COORDINATES , (T 15 ASSUMED THAT THE HsToRY dF MoTioN OF TWE Phetieres

15 wow/\/; W EULERIAN ZDORDINATES Thi4 15 WOT LNOWN AP oa/ty THE CHANCE WITH .

ResPecT 10 A ConTeoL YOWME & Tmpoer4vT.

2) UPOATED LALRAN(IAN APPROACHES (CoRRENT CONFUVRATION = REFERENCE CoN Fi(;UeaTion

For THY MEXT T Srep ) BASWCALLY [MPLEMENT TWE LALRAVIAN APPRuACH for

THe MATERAL Timg DEQVATIVE sjuce Tue FLow 0F THE MATERIAL |5 TRACKEY

THEOUEHOUT  THE H15ToRY, TWEg CAVCHY STgess 15 USED  BECAVSE THe

(FEOMETRY 14 peEfoeMEp.
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CoMLATE  Sreess AND STRAN MeAsvues (Wiw)

\g TRom THE VIEWPOPT 0F THERMODPYNAMICS AND CONSBSTENCY  WITHIM THE
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covgervATION  oF eneerY (15 AW oF  ThEeMODYWAMICS )

(% = INERLY (AN B¢ NelTHER  (REATED 02  DesTROYED

Foe A CouwTINWUUM BODY oF VoLume '\/') THE ToralL ENER(Y pF THE SysTem

OF PARTICLES MAY BE EXPRESSEY AS

£ = K+ U

WHERE
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U T INTERMAL BNERGY PER UNIT MASS g
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specFic” \WTEanAL  ENERLY.
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HE;ucE/
) K+U 2 P+@Q:K+s+¢g
) .") \fV‘/
P - MECHANICAL Work RATE LEADS TO 4 CBANEE W
KINETIC ENERLY AnbD CHANLE In WTERNAL EN RS/
A
U =8 & \T VAw of  THERMODywsM Lcs

et gt = Je e Jlerrpa

QINCE é (p/V) =0
M

From ConseavATIoN OF mAss

foe Aeeirerey  NVorume, V, THE \¥ U MAy BE EXPEESSEY W Lot (oeMm

)
/)pL’M = iRt pr-veg ENELLY  EQUATION
A
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pob = Tyny e prog qEe—T

: 2 ADD\TIEN
RATE OF CHANLE O0F ) _ STRESS TVOWEL : RATE OF > s RATE of )
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EVERLY
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WERLY EquTion: | P77 T3 rpr - ¥g

TIMpoeTANT NOTES :

DT 1% LA 0F THERMUDYWAMICS (AW BE EE(AQDED AS AN EXPRESSION OF THE

INTER COMVERTIBILITY QF HEAT AND Mz/ MAINTAININ |- AN ENEe(y BAL4NCE,

IT VLACES MO RESTRACTIONS oN THE DleecT 10w OF ™ Process.

7’) I 1DeaL ELASTICITY | HEAT TRANSFer 15 (pN$)D EZED INSIeANYVACBNT . Aw OF The
INOUT MECHANIA L Wor ¥ 15 CONVERTEY) JATD |NTerwnA. enErR{Y [N THE frem

OF RECOVERABLE STORED E LASTIC STRAIN ENERUY  wHIcH cAN BE REcovERED

A% WoR¥ WHEN The BoDY 16 uNLOADED. Tw (ENERAL, HOWEVEZ, A WAJoe PAeT
0F THE INPVT woek w10 A DERIRMING MATERIAL 1§ NOT RECOVERABLY STORED,
BVT DUSIEATED BY THe DeformATion) FROCESS . CAVSIV( AL IWCREASE W THE

f
BopyS TEmMPERATVRE Aud EVENTVAWLY BEIWW( (ConDVCTED AwWAY AS HEAT

3) 1IN THE ABSENSE OF THE'ZM% ?HEN&MEA/W/ KINETIC ENERLY AND POTENTIAL
ENVEREY MAY BE [VLLY TRANSEORMED oM gNE To THE gTHER ProvIDED
THERE 1S NO FriwcTion pR oTHER D15Siparive MEcHAvisM ( Exampcc;
SWINEINGE PENDULVM)_ WHEN THERMAL PHENIMENA ARE /NMLVED} Howevee,
MECHANICAL WoeK MAY BE CONVERTED |ATO HEAT/ BT NoT VICE -VERSA, for
EXAMPLE  THE RIWETIC €VERLY OF N oy WHEEL cAv BE CouVERTED IN10 jureewse
EVERLY (Wow-RecoVeRABLE) By Means OF A FRICTION Brare. (F THe cJree
SYsTEN 16 INSVLATED , THe InTERWAC ENEREY STRYS W THE SysTem CAVSINV(-

75 TemPERATIRE 0 RISE. AccotDit 70 THE 1F ol of THERMODYNANICS,

THIS  PRocess (pyip BE REVERSED (TH£ FLYWHEEL Coutd BE SET N MoTion .
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vores: Ccomrmyep)

Y

woo BY CONVERTING JWTERNAL ENERLY JNTO EINETIC E,«/(;{ZH// WHILE THE

TEMPeRATVRZE DECEE/JS(D.), OF ¢ovese, suer 4 REVERZSAL NEVEL plcvls i)

NATVRE « The FeicTouke MsSIPATION \S AN IRREVEESIBLE  Peocess

0
Y) The Z_:/: LW oF THeemopyw AMicS Cetpsivs - DUKEM )NEQUHLIT‘(> PLACES

RESTRICTIONS ON THE DIRECTI0N - OF. IWTE2CINVERTIBILITY B ETW EEV

Work AND  HEAT Aup o0THER |RREVEESIBLE PROCESSES.



22"

ENTROPY AVP THE 27 AW gF Theemopywamiss ((CLAVSIVS -DUHEM |wEQUALTY )

As NoTep Freviousi, ENERLY Can BE NEITHER CREATED NoR DESTROYED: T AN

v
:\Ww#/

ONLY BE TRANSFoRMED FROM ONE [prM To ANOTHEL , WHEN SvcH A TrRAuS ForrAT s
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nO
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THe 2=

THaT EXTRESSES THE RATI0 oF Twe HEAT WPUT Duking A REVERSIBLE Process

AW PosTVLATES THE EXBSTENCE 0F A STATE FUVCTION CALLED EWTROFPY

EE
/
\%w"
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V{lz 3(& DifFeen TIAL EXPRESS(ON for SPECIFIC EnTROPY
G /rev Fre A REVERSIGLE PROCESS

p = SPECAC puTRoPY = ENTROPY [/MAsS

= A MeRsvRE oF DISoeDER., DI3S)PATIoN o2 ABILITY
T0 Do WORK
h = hesr vpvr PER VIIT MASS
G = Temeemvee
Heet
f() DENOTES AN IMPERFECT [ IFFEREVTIAL

5> PATH DEPeNDENT

(dh
4y ’(T}'Wf FCFECT DIFFEREOTIAC ™ NOT PATH DEPEMDENT
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The 2% Lw o THERMODYNAMILS  POSTUIRTES THAT THE CHANGE IV ENTEOPY MUST BE

Von -NEGATIVE FaR |RREVEESIBLE PROCESSES Jie.
A
AZ - 'Q’ g jﬁii’l foe A4 ReversiBLE ProcesS
s '
> e 4 REVERSIBLE ProcesS WiTH N0 HEAT INPUT AZ :0,)
AwD 2
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STATE  FuNCTIONS | STATE VARIABLES, AND EQUATIONS OF SHTE

) THe EVeeLY EQuATion (17 MW 0F  THERMODYNAMICS) WYoLVES THE PATE
OF CHANGE of THE SPECIAC IVTERMAL w/mor, n
f’?i = gib L pr - Yg ENERLY  EQUATION
/\—»

HE/U&E/ SPECIFICATION oF THE INTecrnAL ENERLY DEFANES THE THErVODYAAMLC

STATE AT A PONT W A  COoNTIMVUM.

B> U 14 A STATE FUNCTION

c.g., THE Sfearic \PpTERNVAL ENERLY  (Av BE EXPRESSED AS A FUNCIGN of S€eufic

ewreory () 45 WEw #s 4 wumzee of SUBSTATE  vAewsues (v;) 4,

n o= Zt (Z/VI /v,7)7, /”"“) i ﬁ (2/ V.L) CALORIC EQUATION
OF STATE

=> SPECRATIIN oF Z ANO  SVBSTATE VARIABLES (])i-) VNI QUELY

CHAMA(TER 1285 THE THERMODYNAMIC STATE AT 4 Powr IV

THE  (ONTINVIM
A
> stecincmion oF THE Fowerign L () v, ) Defwes A

EQuATION oF STATE
N~

() Dewores FuNCTION gp KRV EMENTS

Heere

e
A1

SuRsTaTe VARIABLES (’L\: ', e, ’\) . N = ToTAL NumbER

\ Iy
THEEMODYVAM . DI1sPuAce MENT ((ENERALIZED)

3l

= SESTATE VARWBLES  oww Be SCAURS VECTIRS, pr. HIGHER RANK

- TeENS0L)

=> \DEALLY SUBSTATE VARABLES Ll BE  OBSERYABLE

T OEXAMPLES: X INEMATIC VAeagLEs € E, 2. f;

2/ ete.

(4

= NOT ALwAyS POSSIZLE B> TNTERMAL STATE VARABLES
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SPECIFIC N T ERige
: } ENBRGY MAWMIFESTS |TSELF 45 TEMPERATVEE.
Derve:
6= du| THERMIDYNAMIC TempeeATurE
*
Vi

v 9/ Z Ace THeemgpywAMeC ConIV(rATe VARIABLES

- Propucr 92 HAs wwiTs of ENERLY (sz UM T MA%)
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zly. 4709
N
= 0dy v E VAV, = 8dy -l
A

SummaTion (oNVENTION
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W (everRAL, THE ReuTionshIf R THEmoDy/mic TempersTvee 6= 6 (4, v, )

Y

/A 'g“g/’);\)

( ] MAy BE JWVERTED T0 DERNE THE ENTROPY, i.e.

/

EQUAT 0N OF STATE

THEN THe CALofiC EQUATION OF STATE MAY BE EXPRESSEP A4S

U = 71(9,_3),;)

5

ALRIC eQuaTion 0F sTATe (AlTerwaTE Foen )

h P
CENERALIZED DISPLACEMENTS ' - PecfcrABLy 0BSGRVABLE

6= TemPerATURCE
2); = 4rare VAZABLE

Suvuu;uyl THE THERMODYNMLIC TENSIONS MAY BE EXPRESEP W TeEpmS

FENERALIZED DISPIACEMENTS

G ano V:

S A

v, = v (s, v;)
TAVERTIN(.

A

V. = v% (8, vj)

Theemtt EQUATIONS of STATE

> THERMAL EQUATIONS OF STATE RESEMBLE STEESS - STRA/W

REUTIONS | BUT SpME CAVTION (¢ BEPUIREY (N (WTERFRETING

The THeRMobwAMC Tensions (Yp) AS STresses AND

svpstatTe PorameTeesS (Vo) A4S strains.

S EVeN IF The Y

5 CORRESPOPD T2 EUSTIC STRAINS, THE T

MAY OVEFER FrpM THE USUAL CIMPINENTS OF THE STRESS

TENSOR .
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IN ADDITION TO THE <Pecific (RpTeanir (ZA/EIZ(,\// oTHER POTENTI4L Fuwncripn €
C f’;‘ May pe UsSep 0 EXFPRESS THE POACIPLES OF THERCMODYNANICS . THESE
weLvng !

1) SPeciic HeeMHolLT FREE everey , P

W: wn - "L@’ SPecFle YemuolTz Feee ENEELY
s s
INTEew 41 NON-RECOVERAB LE
eveely ENERLY

=D THE Weultoure Feew eNeerY CorBPonwdsS To TWAT PART

OF THE (NTerVAL ENER[Y AVAILABLE T) Do wWoek AT

CONSTANT  TemPerATURY
= Y 16 boop for TE ANALYSIS pF  Sociss

_ NOTE - 9 = - AP SPEciFie ENTROPY
J o

AF
-

2) Specifre EVTHALPY ?(,

n
L= 1n-2 Yo seecific ENTHALLY

|

speciic EnNenpy ASSOCIHTED WITH  THERMODymAMIC TENSIONS

=> THe Seectpic ENTUALPY Corresfonps To Ty PoprTION oF

THE INTeeNm ENERyY THAT AW BE BELEASED AS HEAT
ARE HeLd Fix ev.

WHeEN THE THeemO DywAmic TENsIONS
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L ;
P —

REPUCE PReviovS Phes M6~ 285

Zyé
3) ¢1B8s FREE ENELLY ( Free ENTHALPY)
n
[ = 7(’29 = U-np - Z_ %‘Vj sPecfic (188s Frer
- ENTHALPY
NoTE:  U-@ + §-K =2 Reunowsnip BETWEED PoTENTIALS
= Y is (00D for THE ANALYSIS of FLVIDS g OTHER PROCESSES
WHerE THE TEMPERATVRE 1S (ONTROUEY AND THE HYDRISTATIC
FPressuee qw/mz DIyTATION 1S Kmowns
W ENERAL  THE fwr POTENTAL  mAy BE EXPRESSED 1V TERMS OF AVY
comomwarion oOF (TEMPWA/’WZE v Ew/zot’y) AND (Sussrf}Te’ VARIABLES
OR  THERMODYNAMIC TENSIONS ), Ai€.,
5  CommoM Fewuidnow
7 A n ~
w= w (g, 7) =u(<§l )= ule ) - uy, )
4N ”~ A
Y=g Gy = §lom) = ¢l - )
N
n= k(e ) - ’HW) SRS RN AN
f= Sy $6) = T (v = Flam)
ALTHQUEY THE LATTER BORMVLATIONS LE4D Ty PARTICVLARLY (ONVENIENT [RESVLTS.
THE REUATIONSHIPS BETWEEN THERMODYANAMIC POTENTIALS ARE SUMMARIZED BELOW
PoTeNTIAL REATION TO L TwDEPEN DEAT  VARIABLES
TOTELNAL ENERLY U v, Va
MELMHoLTR Free eneelY W= n-16 ¢, 2 (sous )
ENTHALPY Ko uU-"Y, no
FRex E,NTH/%LP‘(I. OR (BB S §~ UG- I Y, 9/ 71 QLUIDI)
FuleTION .
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- THE PrecepNL Foug PoTeNTIALS  (ORRESFPOND T EQUATIONS OF STATE | ThE

\/ \i% DIFFERENTIAL W ReMENTS IN THE STATE FUN CTIONS (7/(/ Y X () MAY
BE  EXprESSED  AS
u=ulyg, v,y - = du =8dyp + v AV,
k})w)(e;vj)w—g@ =5 a(LP:,W(g,L.A,/jA%.
XT‘X(Z/}T}-’):K"{%VJ‘ = 0(%: Q/Z —))J&(/YJ
Tex(em)=x-p6 . = df=-ypde-9dr
: u-zGﬂrﬁ\yj
)

) Iz}
CLEAely THe REWTIONSHIP BETWEEN THermepynimc ' DISPLACEM ENTS (9/ VJ‘)

D TheemopynamiC Frces (7, 7%) My BE Expressed 4s

= o) o e Bl by
g 3777;{ ’)3 5;// F P 9%21”6)6
UJ- J;Z
:-—-D . - ) ’
VIR R s
J I |G
o %A e A = 0y -2 4%
i y '
Q) Br e ATy
1 T e
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NOTE: The sPecihic INTErNAC ENERGY | U, 15 REQUIREY for THE ENERLY

EWArm/. Foe $puIDS SPECIFLATION 2F THe HELMBoOLT: (EE ENERGY q)) App

SPecific ENTROPY, , LEAPS To THeg Jpeal?zc' WTPRN AL ENERCY U = Y+ k&
= \We MaAY IWTRDVCE LP A5 A STATE FUNUCTUN Provieer Thar

THE CONSTITVTVE 4w For 7 SATISAEs THE 22 LAwW oF

THeRMep yn AM1CS
OVE MAY expeess BotH THE |*F LAW of Tyermopywvames (eversy

EQUATION) AoD 2% Lk of THErmODywAMICS (C-D (vEQUALITY)

IV Teems oF THE BEMHOLTT FREE eNerey .

Recact
[ U= 0D+ Fr - Vg ENERGY EQUATION
)y et
L ~
AND V\\ COMPARYE
o N
pgz_(}r+’\z.g_[_$ovgzo C-P WEQUALITY
Nv &N r~ T
SUBSTITVTE Te ENERLY EQUATION INTO THE (-D JWEQUALITY
Bp -pT v Tid -1 V620
/) Z [) ~ & ~ ~
B < w - 95-92 S ez -y -6y
—f\yafzéwr T —é%i&&o LocAL DISSIPAT 10X
- IWeguaury (¢-p 1iggvauty

N~ N _
Wt W Terms OF )

InTERNAL MISAIEATION DissiparionN DUeE 1O
HEAT  Cowbucrion R ERAOL N EQUA TION

S8 -20 I8 mhsE
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44/%000(/%7/ foe Fu//pj'jmrc;ﬁmrmx/ 0 THE SPECIFAC EM/?/A/LP)// XU - T
/

,,, Ok SPECIAIC FrreE ENTRALPY o= X -265 LeADS 1o mE SPEC/fic wWTERVA

EA'/EIZHJ U.

AMTERVATIVELY, Fyr MAVY FLYIPS THERE 15 A DPIRECT RETIONSHIF BETWEER
THE SPectFIC INTERNV A4+ EVERLY (%) Anvo ENTHALPY (7) INOLVING  THERMOD YN AMIE
Peessvee (70), DewsITY (/3)/ avo TemperATver [ ﬂ], iT1S5 e POSSIBLE

To  EXPRESS THE CALoRIC EJUATION OF STATE v JeemS OF TEMPERATVEE

AND  DENSITY | . ¢,

”~ "
U= mu ((9/ }/A) = n ((9/ ﬁ) (ALokic EQuATIon OF STAre

T 15 THew KFoss\8LE T DEANE A4 THERMAL EQUATION oF STATE

A "
Yo (8,0) =V (6p) THeRmsc mustior of STATE

WHERE THE THERMopywsmic TENSiow (1) (oppespows 7@ THE
THERmasywAnic Pressvee (p) | dve, PP THis LEAPS To 4N
CQVATION oF STATE of THE form

JC(”P/ (9/ /) ) 4 KIWETIc EQUATION of STA4TE

For AN 1DEAL (Pfﬂﬁécr) (~4S

10 ‘FRG KIVETIC EQuATION of STATE
— (1DERC ChAS LAW)

L) TRERNODYNAML L
= K PaeTCViAZ (-AS
PRESSURE R = s CousTaArT foe 4 0




yA%))

METHOD OF LoCAL STATE. THE THEEMIDYNAMIC sTATe oF A MATEEIAL MEDIUM AT

(\} A (rIVEN PoNT AND (WSTANT IS (omPLETELY DEFINED BY THE VALVES 0F A Ceeiawv
VUMBER 0F sTaTE VARIABLES AT THAT meTJ WHICY DEePenNDd pwiy oX THE
RONT CoNSIDERED. //&3“‘5?;’:(;8?@75
EXAMPLE : w = = (Q/VWJ I ( & f) i ;f?—
o (R
$7aT€ VARIAELES OBSERVABLE
W (FENERAL , SINCe TME DERIVATIVES oF STATE YACIABLES (é} )’)/j ArE Nor
WVOLVED |y THE DEFIMITION oF THe 57&75 TS HyPOTHESS [MPLIES THAT
ANY BVOLUTION CAMW BE Cowsivtrev AS A SUCCESS oW pf EQUIL BRIV STATES,
> Te PROCESS MusT SATISFY THE (P WEQVALITY Ar EVERY
WSTAN T oF EVILVTION
¢y THE STATE VARIABLES (U BE DIVIDED [¥TD Thyp CLSSES:
RN -

\) OBSERVARBLE STATE VARIAZLES (575414// TEmPERATVEE  DENSITY, ETC.)

“MERSURABLE QUANTITIES
T Fpor REVERESIGLE PﬁoceSSES, THE THERMODYNAMIC STATE UMNIQUELY

DEPENDS oN THE ORSERVARLE VARIABLES AloNE

z) INTERNAL STATE VARIABLES (J:sw/f;)
~ FoR DISSIPATIVE PngmEA//}/ THE CURRENT STATE DEFPENDS o
THE TAST HISTORY whi cal BE Deveemided gy A SeT of
u n _
M IDDEN ~ gR INTE@NAL YARIABLES +HAT REPRESENT THE INTERNSL
STATE 0OF MATTER (thrw 0f P LIATIONS | DENSITY 4uD  D\STRISY TIop
JF V0105 AND M\cwcmcps> NOT AMENABLE Tp DIRECT MEASUREMENT
- $Vs po wor EXPUCITLY APPEAR IN THE (oNSERVATION LAWS 92 (-D w%ﬂmury

BUT MvsT BE ACCouNTED R WHEN DEVEWAN(- CONSTITVTIVE €QUATIONS.



e

¢ |

CONSIDER THE (FOVERNINL EQVATIONS OF THERMOMECHAMICS Cevierian)

)
1D Cop+( U’A)N; =0 Conservation of wiss (cowTivuiry )
o%
2) U +(9}>,; FP; CONSERVATION 9f LINEAR MOMENTUM
3) pn = @;j D*'j *(’r"@ii CoNSERVATION OF ENERGY
/ (VT AW 0F THERMopYMAMICS )
1) /)7/ -pr ok (@h) . 20 CLAVSIVS ~DUHEM INEGUALITY
& \gl'”* (22 Lw oF THERMODY AV CS )
PrLusg
5) 0 = 05 CoNsERVATION  JF ANGULIR MoMENTUM
t) Dy =l (vﬂ'jj v Uy, ) RATE OF DEForMATION TENSOR

(0R STRmn DISPUCEMENT RELUTIONS)

TMPoeTANT 5 ASSUMING THAT The Body foece (b,«') AVD  SPEC\FAc HEAT SUPPLY
(r) #ee kMowA, THE FIRST THREE (pnSERVATION 1AWS REPRESENT

vy 3B b t 3 .
FIVE EQUATIONS (¥ (4  UveMIWAS ( /’/7)2, q/‘d)u/z*')' CONSIDERATIO N
0F THE C-D INEQUALITY INTRODUCES Tp MORE  Un kANOWNS (‘Z,Q)/ BUT THE
2% Law oF THERMODYNAM C5 MAY owiy BE USED T¢ Sow/E fOR VNENIWHS

FoR REVERSIBLE (NON-DBsIPATWG ) Peocesses (d.e. WHEN THE EQUALITY Houbs)

L\wce/ THERE ARE A TOTAL OF |b UNKWoWNS Bul OMLY
Fve equatiops (1) - (3)
=P NEED || MORE EQUATIONS

P THESE ARE TWe (pWSTITUTIVE EQUATIONS.
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CONSTITUTIVE EQUATIONS: RELATIONSHIPS CHARACTERIZING 4 SPeECIFIC MATERIAL

) (Souip, LguIZ, 1AS) AND TS REBLTION To THERMOMECHAVICAL Lo4DS,

= €.9., MACRISCORIC 1DEALIZATION OF THE CONTINVUM BEWAVIOR

EXAMPLES OF REQUISITE (CowsTITVTIVE EQuATIoNsS (|| NEEDED)

RN
1}
{
[
.<}
D

.\.
T=8)
0% "
s T-a(9
_\,
V=0 (e,0)
< .
ar = (5,0)
OR
PP lpt)

Anb N = 7//1\, ((9/9'>

7

THIS S EQUIVALENT To
SPECFYING THE (r188S

FUNCTION PLUS guyeTiC
EGuATION OF STATE

(
Foveices "Lw ' oF
HYEAT CopOVCTION

=> 3 EQUATION S

+

STRess = STRAIV = b EQuATIONS
EQuaTIop S

EQUATIONS oF STaTE
=D 2 EQUATIINY

For soLlps

W= HewMwoLTy FREY ENEY

= SPECFIC ENTROP
v = Spec 4 or

KINETIC EQuaTIoN OF STATE Awe
> 7 EQUATIING
CALpRIC € QUATION oF STATE FoR

COMPRESSIBLE FLUIDS

W > InNTeEewAL ENERLY TUTAL: 1L EQUATIONS

VID = THeemgDyNAMC ©
Prgssve €

ASIDE.  For  ToedL (-AsES : ‘f = (JR’Q CIWETIC EQUATION OF STATE

FOR  COMPRESSYBLE  FLUIDS ¢

For. wloMPress igLe FLUIpS :

£ F e wovewerm
2

P = Ope  HYDROSTATIC PRESSURE

3
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NoTE, Fore A Fully (oUufPLEY  THERMO MEuCHANICAL PrROBLEM | THE FuiL SET

£ 0F (ovawil Egua TIoNS ( cowseevaTION LAWS, (=D INEQUALITY STess -DISPIACEMENT

) AT
’ R

REUATIONS PLUS CONSTITUTIVE EQUATIONS) ARE REGUIREY Tp SpLVE THe PrOBLEM.

For A PURELY MECHAVIGAL PROCESS , THE TEMPERATVEE DOES NOT DEPEND

A ~ .
00 THE DEfRMATION | (¢, 9+ 9(7;}) ave 66 (V). an

ASSUMPTION of PURELY MECHANIAL REWHAVIOR S 0FTEN |NVIKED
PR SpLIDS UNDERGOW G Smie INELASTIC (NN LINERR) STRaNS . Foe

SvClt CASES | ONLY THE  CopwTINVITY | EQUILIBEIVM  AND STRESS=STRA/W
RELATIONSHI PS  Aee YsED.

03% +()(>A‘ =0 \0  EQUATIgQNMS (M 10 VWENOWIS
Fy Foe /) J /0:— } Zf

THE TemPeeATvee (& fouwd Fromt A PARALLEL (NDEPENDENT <pLuTion
0F THE EWNECLY EQUATION NEULECTIV THE <£TRESS-PowWER (G:: 9).

THIS LEADS To 4N ENEr(Y EQUATION of ThHE FORM

© . o - oa HEAT EQUATION
/7% FCV;)T} re 3‘/" (HeaT D'FFVSloN‘ECPU&TIOfJ)
PATC of ENEQLY RATE OF Hear RiTE 0F HEAY
STORAGE IN V LEnERaTIn 1pN . ConwdueTon ouT oF ¥

C\ = SPECIFIC HEAT AT (usTANT VDLVME

’ (Dl?FoIUVMHOA)
IF j= /&129 Foverers LAW  fyew )

Coyp 28 = r‘ -9 (k16 WedT EQUATION
(e C m< a'w) f

':%) THE nBerT EQUATM/\) PROVIDES THg BASWC oL for HeAT (onDVCTION

ANALYSYE NECESsAey To fAD THE TEMPERATURE DIsTRiBUTION 6(%,1)
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TUNDAMENTAL RESTRULTIONS 0N THE ToRMUIATIONS gF CONSTITVTIVE LAWS

D PHYSICAL ADMISSIBILITY s ALL (ONSTITUTIVE E‘qyu&ﬂom§ MUST RE. CONSISTENT (W ITH. .

L) CONSERVATION OF MASS

42) CONSERVATION OF LiINEAR AND ANGUUNZ MOMENTUM
KA2) ConseevATION OF EMERLY

Av) 2% W o Thermopym amics

V) EXPERIMENTAL OBSERVATIgNS = MOST  TMPopTANT

2) PRINCIPLE of Lochl ACTign: oMLY THE DERRMATION (UITHIN AN INFANITESIMAL

NEIGHBORHOOD OF THE POINT X AFFECTs The MATErR'AL BEHAVIOR AT X.

2) PRNciPLE OF CQUIPRESENCE : A STATE VARABLE ASSUMED To BE PRESENT
IV ONE CONSTITUTIVE EQuATION OF 4 MATgmAL' SHoulDd BE $Sp PRESENT
[V A, YN LESS ITS PRESENCE IS IV DIREKT CONTRADCTION WITH THE
ASSUMED SYmMmETRY OF THE MATERIAL- THE PrinvcPie pF MATERIAL
OBIECTIVITY, 0% THE LAWS OF THERMODYNAMICS.

2 Weae RESTRACTION OFTEN VIOLATED

LO MATERIAL SYMMET2Y . THE CoNSTITUTIVE EQUATIONS mMusT BE FORM - (NVARIANT

WITH RESPECT To (00RDIWATE TRANSFIRMATIONS COMPRISIN( THE SymMETRY

(FRoUP gp (WSS oF THE MATemAL  (YeRY TmeoeranT)
EXAMPLE.  TRANSVERSELY VS0TROPIC MATERIAL

2 ¢! > ANY CHANGE OF CoreDIMATES THAT (ONSI15TS of A
ROTATION ABOUT THE Axi$ PERPENDICVUR To MiE
PLANE 0F 1SoTR0PY, RESULTS 1N NO CHANGE 1%
" CONSTITVTIVE  EQUATIONS.

PIANE o€ 150TROPY



rd \'\
! !
\mw**'

55

Resteicrions  (con'o)

5) MATERIAL FrAME |NDIFFERENCE (MATEML OBIECTVITY ), THE RESPINSE

OF # MATERAL MysT BE IWDEPENPENT oF THE seatiar (Eviemdn)

REFERENCE FamE UsED To DESCRIBE T,
=) AL EQuATIONS ARE WUARIANT UNDER AeBITRARY

1B SERVER
TRANSRoamATION S (TRANSIATMNS AND ROTATIONS) |V
A CALILEAV Reference Frame.
= Ay EQUATION 1S (ONSIDERED FRAME |NDIFFERENT
NF Aw TERMS ARE [rAME INDIFFERENT
B EQUATIONS EXPRESSED |V TErms OF LAGRANGIAN
COoRDINATES ARE FrAme thFFéV&E’NT; VSE OF
LAGRANGIAN  COORDINATES WoULD IVYIKE A4 SPECIAL (M ATERAL)
FRAME OF REFERENCE . WHICH 1S NOT SVBJECT TO THE
NOTION OF DIFFERENCE BET|) beN SPATIAL Frames |

=P POTE' ThE ACCELERATION VecToe 15 NOT FRAME INDIFFERENT



) /x’:,\.\\

A
Pores ov - grleer Ty (MATERIAL FrAme |NPIFFERENCE )
IF & CovsTUTIVE  EQUATION 13 SATISAED 0 4 DYyNAMICAL PROCESS
witd A moTon % = x (X, +) Avp A SYMMETeic STRESS TENSIR
g - g(g)f) = g’(%(.}‘)/*>/ THEN 1T 'S SATISFIen o AN
EQuIVALENT PROCESS | |

*
‘ TROCESS RS 0RSERNED

X ¢+ )= ¢ (# .

’)c( ) ) (+) 4 @ (#) X (g/,») BY SomCont 18 4

I~
DIFFERENT FRAME
OF REFerRENCE

g

*—k

\./
}

AND gf¥( - E?Gda E’,ﬁzzr)

wWHeRZE

C(r) = RELATIVE TRANSUATIN BeTWEEN OBSERVEKRS

Q(T) = RELATIVE RI-ID ROTBTIOHN RBETWEEN JBSERVERS
7~

wHeee @) ﬁ%*)r T ) vesree
(&O{,}l z 4+ PRTHO-OM AL
3 N

t=t-a = TiME OFFseT

Here C(J)/ g,ml AND (. SERVE TO IDENTIFY THE SAME PROCESS

RS OBSERVED BY SoMEONE W ANOTHER REfERENCE FrRAME,

v
VEqoRs AND L= RANK TENSOLS ARE FRAME |NDIFFZENT \F THEY OBEY :

,g* (Xl;) - Cz(f) v FRAME W DIFFERENT
¥ . - Teans e A0 AWS Por
é C%,*) = @(x) - é o gék) VeCTORS AND Z_“ALPR_A}_JR TeNSoe S
1}:&: YECTOR
A = 27 ek Tensoe

N
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NOTE: THE DEEoeMATUN (FRADIENT TENSOR TRANSFpems Live A VECTOR 5I0CE
) IT 15 A TWo-PoNT TENSor (F DEPENDS o BOTH LApapisn) AnD

EviEiaN  CopeDINATES)

?3 = J%, DefgrMATION [pabiedT TENSOR
j’g/ oX, (Two PONT Tewsor)

Rerges REFERS TO X

To X ~

(N

PaRT oF F  THAT Refées To THE SPETIAL FRAME
DEFormATIgN (RADIENT kS SEEN By pR5ERVER B

/J-: AT UVOER EMED ELemenNT

v EvERAL
%
A’ = Fodx DEFpRMATION MAPPINL 4o SECN BY
- Ogseever g W x*
N (AP An® = CP"&Q’Y Fane  wDIFFERENT VECToR TRANS formaroy
3 ~ ~
L 7“ WV\ EQUATION
DEFOEZMED ELEMENT A% SEEN DERRMED ELEMEANT 45 s€EN
BY 0BSERVER B By gsseever 4 W K
¥ ¥ .
wed A= Fedx = @Qedx = @ F-dX
I3 DefoemaTion FRADIENT
ks sEEW By pRseeVER 4
X
F=¢-r DEFORMATION (RADIENT |5 NOT FrAme
. INDIFFERENT F)F:F O« Fo q)r
& T _
A= Qo ko FRANE  NDIFFERENT
~ ~ M~ o~

W e 22 pANE
TENSIL.

G) - ‘?C’f) = Rip1p Roration TENSIR
~ ~



EXAamPLE ¢

/“!/
N

REGAL DERNITON OF S¢ATIAL YELOCITY (-@ADIEWT TenSoe @ = 7 F

Bur

0EBJ
CONSIDE.  THE DERRmATION (RAPIENT AS seeV BY Two QBSERVEZS

5@

ECTIVITY JF THE BATE of DeERRMATION TeNs?R, D (evierian)

MATERIAL TI\ME DERWATIVE

Fre@oF TALE
~S lad (%4

3 . y . . LATERZ Term IS
F=@Q-F fqy'i: = Qe (F 0 QF) TevE Spce

- /v ~ ~ N v Moo~ v Q-{)r: r

~1
£ Thew

¢ x # -] o r °
L*,F,E :¢,(E+Q.Q.F>,(g.5> 0-g" 1
" 15, Profer
{:x % -l ~ ORTHIGONAL
N £ J y
1 — ~! T
wr (4-8) ' < g Do) = et g
: T -l T sl ' T
f: q)’(ﬁ‘*-q)‘q].f)o(F’g) :g-({t.: '(’frqz)’g
~ ~ - ~ w/ h: s
£E I =L
¥ TS T (M/:, T ’)’ T
U= (erprg)¢ =@ (pryvgeo)g
¥ * ¥ T r 4 B ™
RS R A A S A A PAs 4
NI N e
D# W'\‘ .
D*= QD vé?r RATE oF DEFIRMATION TENSIR 1S FRAME |NDIFFERENT
[ r~ r~ ~ — S - o,
W s O+ (W+ @T@)e QT VORTICITY TENS0R 15 NOT Epame INDIFFERENT
A ~ ~ r~ A~ ~ ¥ -
\I/\\«} # go\tld

MUsr RE ANTH-SYmMmMETRIC



THe fRecCeDn( DEVELOIMENT

MUST BE AVTI-SYMMETRIC
P S

W @ W 0h) g Q0T 909

AVOVLAR VELOCITY TENSOR OF THE staeeep (%) Feame
REUN JE TO THE UWSTARERED FeAmE

Heee

%
_Q
1

° T
- 49 47 ANTL-SY MM ETRAC

ADDITIONRL  COMPONENT OF YoencaiTy &eeN B\f OBSERVER

¥ -
W X DVE TO RELATIVE ]ROTATION BETW EEN PBRSERVERS

4 >
EXAMPLE: & THE (RETNS STRAIN RATE MATERAL [FRAME |NDIFFERENT:

T
L4

T .

t
- F-De GREENS STRUN RATE

1T

4
= YES. € s 0BJecTVE (MATE Rk FRAME  (UDIFFERENT )

$1NCE T 1% BASED 0N WA FIUANLIAN (OORDINATES.

S

59
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EXAMPLE L @RIECTIVITY OF THE TIME RATE OF CRANGE OF THE CAVCHY STeess

TENSOR AND THE JAUMANN RATE.

X
(NstDer  THE CAVCHY STRESS TENSOR ps seed BY AN oBSE@QVER (W 2(

YC{&

r
= q- T Q CAVCHY STRESS TENSOR S OBJECTIVE
r~ ld
- ( MATERIAL FRAME [NDIFFERENT)

EVALVATE MATERWAL TIME DERIVATIVE

‘¥ 3 r
= QT ¢
~ ~

~

L] - r A

*?f? +39f£_f-q? CAVCHY STRESS RATE
IS NT MATECIAL

FRAME INPIFFERENT

e _¥ o
T+ Q-ap"

B> IN ORDER To DEVELOP AN 0BIECTVE STeESS RATE MEASURE
Pe ysE 10 cousTITUTVE AW DEVELOPMENT  wysT AUGMENT

/
THE PRECEDIN( EXPRESSION WITH apDITwNAL RoTATION e

TERMS . Feom Tot PRECEDW( EXAMPLE

0

X ' o T
\L‘} Q’ V;l g + A?'? VORTICITY TENS/E
4
y T * T
Q@ =V -Qw-@ TALE WVER Producr  [WiITH @
~ o~ ~ ~ o~ ~
4 _ X r
@ wW-@-¢w Nore:(fl»&)’ B A"
~ ~ ~ ~ N ~ o~ ~
cr T %7 T ¥ T
Q = ¢-W —\/\/"(7 = &'W+W~Q
~ ~ o~ ~ ~ ~ ~ ~
~ s
i ¥ - e *
= -w S1ce VorTICITY TENSOR 1S ANTI- SYMMETRIC
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é THAT Mg0 DERANES A PUWEe of ReFlecTiIoN SYMMETRY)

= C pAs GuE INDePenDENT MATERIAL CONSTAMTS
- =

EXAMPLE: i -DiRecTIoNA  Figer Buunte (Tow)
PLAvE 0F SYMMET RY

AV AX1S OF ROTAT 04/ A
Symmeney

3) 1$0TROPIC MATERIAL BEHAVIOR (THG COMPoNENTS OF % AeE IVDEPENDENT
A/
0F CoORDINATE SysTem , A\ ¢ § = ¢ e ANY TRaNS Fo RNATION

A
n ~

Deav eV By @3

= HAS Two INDEPENDENT  MATERIAL CONSTAWTS

Ar
~

. J
e

=S THe 1S0TroPC MATETUAC ASSUMPTION WORKS WEWL Br mAVY
ENGINECRIN (- MATERIALS yiMPBEL  UNEAR ELASTIC (INDITIDUS
= IMPoszrur; ALt ReAL MATERIALS 4@& HigH Ly AN 130T ROPIC

WHeM VIEWED AT THE MicRosScALE -

AsSUMIN - 150 TroPC  MATER(AL BEHAVIOR | THE 1™ Pk srFevEss  Tewsor

MAY 2€  EXPRESSED ju TeEEMS 0F THE Two LAME CONSTANT S

CA‘jK‘( = r)\ SAKJ‘g),_Ve t AA ((5},4 gjj + SJ,( SK3>
WHERE
A VE LAME  CONSTAMTS
(Y- 2v)
M = £ = (- SHEAL
Z(l‘ty) MopDyLU g

27%
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r\-\
AL

UMIAXIAL Youul$ Moputv< .

) 3
Y © POISSONS  RATI0
- TRANSVERSE EXTENSIONAL STRAN ¢ .
]
LONGITUDINAL EXTENSIONAL STRAW 24— : —*

,
Posson s EFFECT s NORMAL 4TRESS (v THE X, -DIRECTION CAUSES EXTENSION AL

STeaiN (N THE X,- AND X - DieecTions

ASSuMING  THe 1S0TRoP C MATERIM IDEAUZATION | Hoores LAW MAY Be EXPressed 4

G:'j : C*‘ju Evg
=[?\§-»§ N M(S' Si0 ¥ 5,5\ € USE SUBSTITYTION
447kl URAY] ¢ pd
: ? e 1 Propenty oF §
? Ty = A€, S+ 2m 613' Hooves Lw FoR  50THERMAL
\SoTROPIC  LINEAR ELASTCITY

Note, €..= AV wBWLE DIKTATION

KK
Vo
THE YRECEDI (. EQuATIon MAY BE READILY IWVERTED
é/\‘j - Oj/‘_g - A Ob\c\( gAd STM//"{T@QEﬁé
2M ZAA<3’1\+ZA/\) RelATlonsi? Foe
\SoTHERMAL Eo0Tpoprc
LINEAR €M$ﬂ6177
OR v TERAS OF V 4D E
éAj s —é— [( 1+v) 07'3‘ -y Oy 5;3-] ATerwATE Fonut oF Hoores AW
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ReU NAT THE S$Teess TENSOR (AN Bt Decomppsep IWTO  HyDRoSTATIc AND

/m\} DeVIATorC  PARTS

OTQ = 0%]_4 SA'j‘

+ 543 ~

Sy 1 S}j

Op = MEAN HorMm STRESS
Q = DEviATORle ST RESS

bwwxse, ONE  MAY CHA®ACTERRE THE  HYDRosTATIC 4w DevidToric  STeess -

STRAIN  RESTONSE | 4 ¢

G;S = ?\ éK\L Aj' + ZM éA‘J

Sia

-
(4

(i =3 A6 +2me,.

G;L = GM B @+ %M> € = K Evy. Ry DeosTaTIC STRES - STRAW
3 Respovse
WHeERE
K= A+ %/x@ BULE Mopvuivs
_ E \F K= ® Y T CompeessipLe
2(1-2v) VESA Defoememion
ASIDE; YV =k 14 A Common ASSUMPTION N ELEMENTARY

Sty Puasrici Ty THeow €S ((NsTaNT VoLume hSsumeTion)

SA.J. - Z//Lf‘j = 2(,29.

wiere €4 < % A‘ + Z‘J

DeviaTonic  ST2€55 - STRAIW RESPoSE

—

= AV 4'\ + )
3 Wy J

Vi = DEATOOC  (ompoledT OF Jup STRAm TENSOL €.
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ASIDE: SNCE THE  STRMN ENE@EY DEdSITY IS §osiTveE DEFWITE | THEN The

C)  BUSTIC ConsranTs MUST ASSumE  CERTAHM YALVES,

vW(,é) = —% ij é,;j 20 STRAIN ErJbreey DensiTy 1S FPrSITIVE DEFIVITE

5 loess + 5571 ,,,,,\5,51%] >0

¥w \7“ AP e
HYDZOSTATLC DEviATIRIC ~ YOLYUMETRIC  DEVIATZLIC
STeESS sTeESS STRAIN sTRAIN
" 20 20
S~ e e
W(ﬁ):lziﬂ/gé_&mgg +0"£\LZ‘,A, +5:‘,.‘ ém”‘hsijﬁY?&
2 3 3 2
/
. l”z[ Op Eran 5.43 Z4j 20 APPLy HooLes B for
: ] HYDRUSTATIC AND DEVIATIEIL
(ASES

[ Owssa)ewm) v 2m0] 20

4\‘4&:\3\\"‘]

f//*ﬁrt\\‘

/
CLEARLY, THE LAME CONSTANTS MUST TARE oV VALVES SUch THAT

10 9 ANt Ym0 2 ResTRicTions gn) ELASTIC
Cpp S0 M 20 CoN STAPTS
A A = LaME” ConsTANTS
This LE4ADS  To
e > 0 E= Youes mobuLyS
- Ly LY Yy = Q’os%ou,‘: ®ATID

= e E = SHEAR MoDvLU#

———

e(1+v)
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PLANE Peoglems W LNEAR ELASTICITY

PLANE STeess @ T35 = G, =T, =0 —

a.
21 1_ b QT'
L

!

’X; X

" PO CompoveNT 0F TRACTION (N THE Xy~ DIRECTION
’ SUZFACE N o= €; CorrESPOMDS To A Feee SULFACE
A PuUnt STeESS ASSUMPTION Wotes Wew Tor THwW SHEETS PMTES’ AvP
Shews WHERE THE THIWCKWESS 1N THe X3~ DIRECTION 1S MUCH SMALLER

THAN THE REMAINING  Tuwo /N—Puwé DIMENSIOWS.

PLANE 57—%'“ ‘. é;g = 63, = é}L :0

*Moee FPRECSELY | THE Xy - WMPONENT 0F DispUCEMENT Uz 20 AUD
- U = n (%, %) Ad Uy = 1L (xx,)
B U 4> U, ARE NoT FUNCTIONS 0F X,
* A PUANE STRAIN ASSUMPTION OFTEN |s APPRoOPRIATE [ge . THItk PARTS
WHECE THE Dimension I owe cooepmwsTE Drgecrion (54 7, ) 15 muen

Ly 2iEr TH-AY THE REMAINING V-PLANE Dimensions.

FOB TNE CASE OF pude Staess ge PUNE STRAN | THE (OVEZVIN(G  EQUATIONS

MAY BE S)MPLIFIED SpmeWHAT,

ExAmPLE | Hoauesl LAW e PLANE  STeess (633 :o’;! = 0 ;0>

2z
6)1 = 0%‘ ’—)é (rzz
ézL = 0’_712 'Lé 1
€
¢ = =V + 2 THeourk THE THCen eSS STRAIN
33 T (q,ll q’u_) s Now- zERD!

2 Ciz = oy = 0

1z =

Sl



HeLdo EQuATIoNsS oF UNEARIZED

N
\\w"/ /

28z

/ NPWIT%IMM,) ;501’,@0?1(/} ISOTHERMAL  ELASTICITY

(1S equation s 10 1S UNENOWAS)

(rj‘,glj' + (’bkf ‘—/7{/;
Ty Abpbiy z/f/bé,;g'

é"‘\;) = u["}j‘l = Ji (Z/(.A'Jj'j' %jﬂ;)

EQuATON 0F MoTigP

Sy eEsS - STRAIN 1AW

STRAIN - DISPLACEMENT  RELATIONSH P

IF The STRAIN ENERGY DENSITY FUACTION W(,Q), 1$ Posirive DERMTE AND

CoNTINVOVS  THEN FoR U

5 =0 AND INAMITESIMAL STeAn (€ ) THE SoLuTiow

IS UNIQUE, HENCE, THE Fewp EQUATIONS (AND ComPATIBILITY EQUATIONS)

MAY BE

EXPRESSED EITHEZ IN Teems oF DISPLACFMENTS OR STRESSES.

DISPLACEMENT oMV ATION /llk)AVlEﬁfS’ EQUATION S

ONE  MAY SUBSTITVTE THE

STRESS - STRAIN RELATIONS INTO TWE EQUATIoVS

0F MOTION To 0BTAIN 4 Pleery DISPLAUMENT BASED foemuATIgN

'

1

c\épg/ g,«J + M 6,4" =

W

/A%c,n&'j F AL (%»‘,3' t Uy,0)

14
Hoores LAW

i A un, v SAj t 1A %[,00‘1 W Teams oF

NS PLAGMENTS

FUBSTITVTE THE PRECEDN( EXPRESS 10N INTO THE EQUATIONS pF MoTiop

D%

W

‘>\ (Z F, Kj gll'

v
(OMBINE  TERMS =

on

y ot /L(u,clj‘jwujjjj) + fb,{ = 0%

</>\"M>u\<,\<; + MM’C,KK + (Db,{

() T2 + o T+ p

(a4

]

"

!
P NAIERS EQUATION S

0¢ Mo TION

oo
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/ .
IV oepe  Tp EMPLy NAVIELS EQuATIONS , Au BouwbARY (owlITONS MyST BE EXPRESSED

f m} W TERMS gf DISPLCEMENTS | Us,
TRACTI0N BouNDARY CONPITIONS (Nevm4my _réf_):
J‘ 0 W $ig 20t (ug vt ) |
‘rd - HA q"‘\) = n’; /)\MK,K AA + ZM‘_L uﬁ.}j + MJ,J{) ON 52_
oe.
¥ e -
T =n-0= A(Tu)n 4 M(%‘hL Tu)-n
N~ O~ ~ -~ ~ n ~ o~ N
x ¥
pueee T 7 To ey Peescasey (ewowv) Teaction
DSPLACEMENT BounPARY (ONDITIONS (Dmncmer 3_(.)
£y
¢ -
N i U = u, LY 52
¥ € ¥
ore W = U Wheee Wz U: €, PrescRiBED (KNowa) DispLacMeNt

3=5 48,

NOTE: SW¢e THe BroBLeEM 15 forMULATED W T¥eMms of DBFIALEMENTS %

]

THEN THE  (oMPATIB 1A TY (oWDITION S ALE UNNECESSARY .




Steess ForMyLATION /EELTIZAME-MchELL COMPATIBILITY EQUATIONS

Foe T™HE EUASTOSTATIC (ASE, OWE MUST EMPLOY THE (OMPATIBILIT ¥

RELATION SHIPS To ENSYRE A CONTINVOVS SiNGLE VALVED DISPLAcemenT
FIELD. IN THE ABSence oFf EXPUCIT T REATMenNT pF DPISPLALEMENTS | THIS
APPROACH 15 €05518LE  QuLY IF At BoUwOARY (CognDITIONS ARE  TRACTION

(NEUManN) BouwpARY (ONPITIONS .

CoMBINING  THE STAIM COMPATIGILITY EQUATIONS (6‘3 ym t ékM G- CAK‘JM éjm,;z

WITH THe STRESS-ST@A/N LAY AN EQUATIoN oF EQUILIBEYM LEAPS T

6;9-)% t ;‘;}/ O—U,_/A'J‘ t f(b,;n' erj,i) + !__Yy (’bz)K §4'j =0

BELTRAM! - Mic gL coMpaTIBILITY EQUATIONS

POTE: THE FLECEDINE RELATIONSHIP oNLy REPRESENTS THRee FuNcTipM4uey
(WOEPENDENT (ONDITIQNS, L’EIJCIZI OVE MVST ALso EMPLOY THE EQuitiBeivM
CONDITIgN $ ( JA \ *fb IV pepER TP Spwe For THE SIx UNENOWK
STRESSES -
IV Pfaxcrcczl A PURELY sTRESS-BASED APProACH VSN THE

BELTRAML - MICHEWE  (OMPATIBILITY (oNDITIONS IS MOT  CONVENIENT

TO IMPLEMENT. UMDER (ErRTAIN (WD ITINS & A Formy AT g0

CAST W Term< oF STRESS FyuncTions 15 fIs5IgLL.

ExamPLE: ARy sreess fuN W e 2-D EUSTIEITY

-s)
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CLASSICAL FLVID  MECHANICS

FLUID © A SUBSTANCE THAT CAN NOT SUSTAIN 4 SHEAZ s5Teess (vHEN AT ResT.

W (ENERAL , Foe 4 FviD IN MITION THE STLESS TENSOR MAY BE pecomposer

A4S FoLLows:
STeESS TEWSor Foe &
O:‘j = "\/’o S,(,J t IIVAJ FLvid v moTioM
e N~
THERMODYHAMIC VIS COVS. STRESS
HERE ? - %L( AKKK) THeemopyvpstic  FRESUKE

TMERTONT: Foe. A FLuip AT REST Thg VISCUS $TRESS /K;] =0
AVD  THE THERMODYNAMIC ppEssVee CORRESTONDS TO THE
UypeosTaTIC Sreess (WMean Wormm sTeess ) oo P
3
IV (-ENERRL, THE VVSCOVS STepss TENSow 7:')' DEPENDS UPIN THE

RATE of PERamATION T?Néorz/,; ¢
r=702)

IF THe VISCovS STRESS - RATE of DeCormATI)n RELATIONSHIP 1S

Nod-UN EAR | THEN THE FLuid 15 STOKESIAN . IF J (D)
1S 4 LWEAR FUNCTIYN 0oF D,,‘J', THew THE FLvi9 Is NEW ToA}//)/\// yxe

KU” Dys CONSTITUTIVE LAW foe 4

O 3
NEW TOMIBN  FLuP,



A

TmPoeTANT: FEOM emfimica  OBSERVATIONS 4w FLUIDS fee IsoTeopic. AS

fé% A fﬁﬂ;EQUENCE/ THE Viscops STeESS - RATE OF DeroemATIoN CoNsTITUTIVE
AW MAY BE EXPRESSEY W Trams gF TWo \/l5w£/7“y COEFFICIENTS

(maTERIAL Com frxw:r;)/ e

X * '
Foe A Homoreneovs
MEWTORIAN FLUID

&> compAre To O—AJ = }éklf-gﬁ'\)’ flMe))‘

WhHeLe
For A LNEAR ELsTIe Spup

.
7\,/(/&% = VISCosiTy COoEFAUENTS
=> DENOTE V\S(0US feopEreTies vf e £

The TYrRL STRESS W THE Ruwp MAY BF EXPressed 4
%&”2325“’““ V15CoUS STRESS
~A— A~
G T g e
STRESS 1M A
X X STRE V4
ﬁj - "fg"‘ £ A Dy bi v 2ADL N EWTYNIAN FLUID
\j ¥ J g)
N morion

Copsiper  T™™ME HyDLOSTATIC STEESS (coMTRACT 0¥ WDEX | N PREVIOUS

EXP2ESS 1oN )

| 2, 3
//\ ,l; I X
'é’o,i/i:é_["fgid‘i‘ %Dtﬁg/‘,{ t2an Dy
X X
G,;A - ““/f) + (>\ + %/(/L ) Dgy\
3 e
Ls voLumererc ¢aeT ofF eATE OF PefoemATioN
X
B 02 @/\ = *f + _}/) ®KK
3
¥ ok, x
WHERE XK= 2 PN COEFRCIENT gF BULE
VIsCos 1Ty




/ £
TMPOLTANT, STOLES (oNDITION (34 = 0) EVSVRES THAT For 4 Frvip

6T REST THE HYprosTaTic STeéss (meaw NowmAL Sreess) (perespowns

To Te NECATIVE OF THE THEzmoDywAMIC PRESSULE | J.e,

0

0 -2

A p X
o%=m = - +%D,¢K'~f+(7\ 2 ) Dy,
U.;CA':QA =

THERMODYA AL PRRESS URE

fr
A FLuip AT EEST CORRESPONDS

* X
’}4=’)\¥+Z',(/L = 0
¥ -2 ,% =0

3,(/k

TO () THE HYPROSTATIC STRESS

,
STOVES CoNDITION

¥ 7
L 4

. L% . x
Coy = =84 + ADy diy + 2D

/{.(-l

CONSTITUTIVE EQUATION For 4 MNEWTONIAN FLVip

5

D ecomopse g: IND /Q INTO SPHErCAL CHyp,ngf;Tzc) AND  DrviaTokIC
fAf/Tfj '

A

Si; >

[
S
L) !
(
=
=<
IS
S

&

it

ij‘ - D_)LB_K 5,13

DEVIATORLC STRESS

SUBSTITVTE

DEVIATORC AT 9F D

Tresc  LELATUNSHIZS JNTO € (onsTITUTIVE AW
Foe 4 NewWTONIAN  FLviD)

288
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3

N
Diy = eaTe of DEformATIN Tersoe

. _ . X . < .
Q;\L\L%J ¥ S"Q = - 5&3 + A DWSA:\ v (&u&l +ﬂ,‘0’)
GAQ = ATRESS TEnNSpm

COLgeTIvl- Trems

s+ 35 [ 1O 3055« 2
3 N

% ¥. guLe
VI15coSITY

SImMPLIEY IN (-
. - + . ¥,
6%5@ teey T (*w,D + A Dw>€U t ZMﬁxJ

THE  CONSTITVTIVE EQUATION M4y BE DEWOMPISED VT TWo SEFPARaTE

CONSTITVTIVE ﬁeLAﬂoNS/ ,{',f./

5

Ty
3

VA
i 3

e H
N

™E MonogN To THe DEVIATURIC
Syeess

H

] > RULATES THE SHEAR EFFECT of

2 A ﬂ)

“10 + %XD v = REUATES MeAw NoemAc STeess

- 0 THermp PYNAMIL PRESSY RE

= —f 4 %'k'(f AND Byl VISwsITY (COMPRQ?I?IHT}/J\
i EFfecTs

W

o~ ,

for INComPrESSIBLE Frows ’U’Z)L =0 AMND 01& = ‘f-
2
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FUNDAMENTAL EQUATIONS of YViSCous FLow

¢ 2,\-% AV Eulgeign DESCRIPTION [$ USED TO EXPRESS THE (roVeRNMW( EQVATIONS

For Viscovs FLviD Frpw sivce A FLviD [HAS NO REFERENCE  Con FIGVEATIgn
I (4 —
IR NATVRAL fmﬂ?l THAT |7 BETVRNS  To yp/ BeEmovAt of Tie

APPLUEP LoADS- Iv GEVERAL | THE THERMOMECHANICAC BEHAVIVR pF 4 JEWTINIAN
FLyid 1S (FOVERNED BY THE FoLowING Fiad EQUATIONS :

() / rP Vil =0 | CONTINVITY EQUATION
(EviERI4N STOTEMENT OF (INSERVATION
oF  MASS)

Ga) G + by = p Uy EQUATIONS 0F MOTION

( BALANCE 0F LINEAR MOMENTUM )

e . ¥ . X _
(144) 073 z —fgb t 7 Dp.(g,j }Im DAJ CONSTITYTIVE EQUATIONS

(A1 n = G, D =G 4 0r ENEely EQVATION
) ﬁ 27 7"/" /) (151 LAZJ OF THERMODYNHAICS )
N
(v) s (/)/ &) KINETIC BQuATIoN oF STATE

N\
i) w=u (/), &) CALopic EQUATION OF SrATE

-

@H‘,i) 6/( = =¥ 9/&- HEAT C()N/DVCTIWJ Eq)uMme
( FovrRIERS LAW)

THE PRECEDING Frevp EQPUATIONS IN COMBINATION )ITH

Dis = S (mj)- +5,0) RATE 0F DERORMATION TEMssR

b
ProVIDE 22 EQUATIONS )NV 2t yYneNOWAS ( T

1T &

J

23 0
,y,j//’,m,«p,9>,
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OF COuLSE, THE VISCQUS Fuvio FLoW MUST A4S0 BE CNSISTENT WITH THE

2% w of THERMODYNAMICS. IF THeemAr EFFECTS ARE NEULIFIBLE  AND

A Pueciy MECUANIGL PrygCEsS EVSVES, THEN THE PRIBLEm MAy BE CHARACT LRz €D

Vsiwi a) THe CwTinviTy EQuaTIoN, b) THE EQUATIINS of MOTION, ¢) THE

CONSTITUTIVE EW/H’WUK, AND A) A KWETIe EQJVATION OF SP4TE OF THE foRM

/~
WD = f (/)) KINENIC EQUATIQN oF sTaTe for A Pueey
MECHANIAC ProcEsS (TEMPERATURE INDEPENDENT)

PupELy MECHANIAL VISCOUS oW IWVOWES [ EQUATIONS IN 17 W‘”M”"/‘,Le.
/

ﬂ'* pVag =0 Few EQuATONS TR
[J.’\Jj +/)}>/\. B /) v, .PU(ZE(/\/ MECHANK/H' VISCous

. . ¥ , XN .

— ek o r 2D Fuow

) 043 fgﬁ*AD“glf "3 — O
D‘S -, (V*‘Jj + Vg‘,i) = Vi UN ENOWAS: /;/ '“f)lf) T >
P f i)

FOR THE (reNerAL (ASE pF THEMOMECHANICAL ViScovs FLvip Frov,
CEeTAIN FELD EQUATIONS MAy BE (OMBWED N ORPER Ty [XPRE
THE PROBUEM (W IMORE  ComPACT FORM. Specificay, NE MAY SvBsnTVTE
THE  CovsTityTive LAV
. - ¥ § x
073 = *fng A ‘DMSAJa;— PAY /O D'tﬂ
INTO  THe EQuaTioN OF Monor/
Ty +Pbi = PV
WHiLE  NOTIN (-
vz 'L . L -
Dij == <m13 r Uji) = Umjl
THE Resvenay EXPRESSIon 15 THE NAVIER-STORES EPuaTion For
Viscous FLUID FLow,
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» X * ¥
POt ) s e Vg | e stoces
. /’“’x EQvATION §or A

NEWToNIAN - FLUID

prepb -t N UTw) 1 a0 v

X
SIMULARY), THE (ONSTITUTIVE EQVAT 10N 6}5 z ~f§xj’ + ?\)‘PWQ 5/3 + 240 ij

¥ X
R A % D éi' + 2 [301
Avo  Foupices LAW ?[ =-% 0, Mry BE SUSSTITUTED w70 THE

en eri-y 699(//%770/\/, < g

v

EneERY
EQuATIgN

()’l;t S p vy X (L) + zm)‘ﬁ:[é + Lo (% ve) tpr

~

n N Do ~ z; f
\ WHEeE K = CONDY LTIVITY COEFRICIEN T
‘)Z\%'f (’)\K 1'2,{/6) Bulk VIS sITY
3
ﬂ,{j - D{’) - ’DKK gqj DEVM'rOﬂlC PA’ZT df {?})T\E 075
E3

Detoematign

THE WAviER - 5TorES EQUATIGNS ENERGY EQUATION, AP

/'7 + fm',{ =0 CowTINVITY  EQUATION

J
,(, - ?'; ( P, &) KINETIC EQUATION 0f STATE
TR (P/&) Chioeic  EQUATION gF STATE

ProvIDE 5 EQUATIONS [N ) UNENOWWNS (/)11),9} %/7[)



Vi

o
N
I

:'//

S

’ L 4 £
NOTE: \F STOKES (puDiTiow 15 SATISFIED %% = 47+ %

As
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X
Z . ZO (/\/0 Byik

) VISCosiTy s THIS ENSURES  THAT THE THERMODYA #mic PRESSURE O/

For FLVID STATICS ) THEN THE NAVIER -STLes EQUATIONS MAY BE [XPRessed

()’;1 :fb'“‘ —?)/;, + ‘é’ Mj‘(,v:’),\j/; ¥ 3VA/53) HH\/IE'K'STOV_E§

EQUATIONS  Fyr
/3’![ ()2 ”zf 4 ,gf(v(gov) + 3 \?Lchf> No BILL Viscosity
V 3~ 0~

!
(sTores coupimon)

=D N0 VISCOUS BEHAVIOR ASSOCIATEP WITH  YoLUMETEZ) ¢ CUAV(ES

ImPORTANT; ALTHOUWRH A ULNEAL V\SCOUS CoNSTITVTIVE RESPONSE
(ioy, T = (0 + N+ 207D ) 15 ASSUMED e 4 LewTowIAN
FLiD, THe NAViIER-SToRES EQUATIONS MAY BE HipHiy pow- Un EAR

THIS 15 BECAUSE W AN EULERIAN Fo;zmuump/\// THE MATE Bl1AL

TIME DERIVATIVE Uf MvST BE EXPRESSED AS

- :;V,{ Jr’(‘/'—v/’L

A —_
FE % ]
Culerinl)  ACcELERATION
i/’ - 9’—}1’ + T /Y'U’
ot ~
~—

CONVECTWE  TERM |NTZIDVCES PJON-LINERRITY

The WAVIER -5TorES EQUATIONS ARE UALIL For  COMPRESSIBLE LAmivAe
Flow ofF NEWToNAN FLVIDS. ADDITIONAL SimPLI Fyme ASSUMPTION S

MAY BE EMPLOYED [JHeN DEScpigmw| A WNUMBER (OF SPECIALIZED

FLvips,
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40 AUz ED FLUIPS

A) BARDTROPIC FLVIDS: EQUATION OF STATE 1s INPEPENDENT 0F TemPerATIRE,

THIS MAY gesurT FRom  1SO0THERMAL  CoUDITIONS (Co/usr/wr TeMm PerATYLE)

AD ADWBATIC Frow (N0 HEAT ENTEES pR LEAVES TWe FLvID).

Z P - ?(/J)

An) IMComPRESSIBLE FLUIDS ; DensiTY oF A Fovid 1S (onsTANT, THEN o

° 0
™E  (wmwviTy EQUATION pTH PV =0 Ave Vi 20, e

NAvie ~ STopES EQUATION  for AN [DEALIZED INComPRESSIBLE Furvid s

y - to- . )( e,
/)’?/Z /JbA VPJA T VAJJJ (roob for ol HzD

. 1 T
. AAR) TAVISCID CF(&\C’F{OMLES§> Fruips or VERFECT FLUIDS © A FLuid THAT

CAoNOT 3SUsTAw A SHEAR STRESS EVEN WHEN (¥ MOTion 1S AN INVISCID
0R PERFECT FLVID. 1N THIS (/}SE/ THE VISOSITY COEFACIENTS
?\"=,</CL 20, e ) PeERFECT FLuID, THE MAVIER “STOLES EQ UATIONS

REDUCE  TO
Y < * _ Nt
(”’ji ’(’J’A‘ ”fu'x =D EVLER [QUATIONS gF MOTIOW

AoIDE. AN 1DeEhL (-AS 15 4 YLERFECY FLVID THAT BEYS THE

IDEAL  (-AS Law
vf: 1/;(()/3) - /)RG, KINETIC E()UAT’O") OF sTATE

TMPoRTANT + AW ReAL Fruidd ARE BOTH V15C0v5 AND CoMPRESS|®BLE
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