18.404/6.840 Lecture 26

Last time:
- Interactive Proof Systems
- The class IP

- Graph isomorphism problem, ISO €IP
- #SAT € IP (part1)

Today: (Sipser §10.4)
- Arithmetization of Boolean formulas
- Finish #SAT € IP and conclude that coNP C IP




Review: Interactive Proofs

Two interacting parties
Verifier (V): Probabilistic polynomial time TM
Prover (P): Unlimited computational power

Both P and V see input w.
They exchange a polynomial number of polynomial-size messages.
Then V accepts or rejects.

Defn: Pr[ (V & P) accepts w] = probability that V accepts when V interacts with P, given input w.

Defn: IP = {4] for some Vand P (This P is an “honest” prover)
wEA - Pr[(Ve P) acceptsw ] = 2/,

~ ~ Think of P “ ked” tryi
w & A — foranyproverP Pr[(Ve P) acceptsw ] < 1/5} ink of P as a "crooked” prover trying

to make V accept when it shouldn’t.
Equivalently: IP = {A]| for some V

w€EA - 3P Pr[(Ve P) acceptsw ] =2/, Here, we emphasize how P is similar

weég&A > AP Pr[(Ve P) acceptsw] > 1/5} to the certificate for NP-languages.

An amplification lemma can improve the error probability from 1/5 to 1/2p01y(n)
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coNP € |P

Surprising Theorem: |P = PSPACE

IP € PSPACE: standard simulation, similar to NP € PSPACE
PSPACE € IP: show TQBF € IP, we won’t prove

coNP € IP: weaker but similar, show #SAT € IP (#SAT is coNP-hard)

#SAT = {{(¢, k)| Boolean formula ¢ has exactly k satisfying assignments}

Theorem: #SAT € IP
Proof: First some notation. Assume ¢ has m variables x1, ..., Xp,.

Let ¢(0) be ¢ with x; = 0 (0 substituted for x;) O = FALSE and 1 = TRUE.
Let p(ay ...a;) be ¢ withx; = a4, ..., x; = a; foray,...,a; € {0,1}.
Call a4, ..., a; presets. The remaining x;,1, ..., X;, Stay as unset variables.

Let #¢ = the number of satisfying assignments of ¢.
Let #¢(0) = the number of satisfying assignments of ¢(0).
Let #¢(a, ... a;) = the number of satisfying assignments of ¢(a; ... a;)
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Check-in 26.1

Let p = (x1 V x3) A (%1 V X7)
Check all that are true:
a) #p =1 b) #¢p = 2

Q) #6 0 =1 d) #¢(0) =2
e) #6(00) =0 f) #4(00) =1

Check-in 26.1




#SAT € IP — 15t attempt

Theorem: #SAT € IP
Proof: Protocol for V and (the honest) P on input (¢, k)
0) Psends #¢; V checks k = #¢
1) Psends #¢(0), #¢(1); Vchecks #¢ = #¢(0) + #¢p(1)
2) Psends #¢(00), #¢p(01), #¢(10), #¢p(11); V checks #¢p(0) = #¢(00) + #¢p(01)
#p(1) = #¢(10) + #¢p(11)
m m-—1 m—1

— — f \

m) | Psends #¢(0-:-0), ..., #¢p(1:--1); Vchecks #¢p(0---0) = #¢p(0---00) + #¢p(0---01)

— V checks #¢p(1:--1) = #¢p(1:--10) + #¢p(1 - 11) #cb(/O) \
m + 1) V checks #¢(0--0) = ¢(0-:-0) /7 /+\
#p(1--1) =p(1:--1) #$(00) #p(01) #6(10) #¢p(11)
V accepts if all checks are correct. Otherwise V rejects. : :

#¢(0---0) #p(1-+-1)
Problem: Exponential. Will fix. I I
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#¢(0) #¢(1)

#p(00) #(01) #p(10) #p(11)
7\ 7 +\ 7\ N\

#$(0---0) - #p(1---1)

¢(00) ¢(11)

ldea for fixing #SAT € IP protocol
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\— Non-Boolean assignments

( to the variables of ¢
#p(riry

#p(ry 1)
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¢(ry -+ i)




Arithmetizing Boolean formulas

Simulate A and vV

aANb - axb=
a - (1-a)

with + and X
ab

aVb - a+b—ab
¢ = py degree(py) < |@|

Let F, = {0,1, ...,q — 1} for prime g > 2™ be a finite field (+, X mod q) and letay, ...,a; € F,
Let p(ay ...q;) = Py Where xq:--x; = aq -+ a; and remaining X;1, ..., X, stay as unset variables.

Let #p(aq ... a;)

identities still true

= ) $ar - an)

ait1, - am € {0,1}

1. #¢(a1 ...ai) =

#p(aq ...aq;0) + #p(aq ...a;1)
2. #P(a1 Q) = DAy - Q)

Check-in 26.2

Let p = (x4 Vx,) A(x; VX;). Checkallthat are true:

a) pp =01 +x; - ) (1 —x) + (1 —x) — (1 —x)(1—x3))
b) py = (x; + xz)( 1-x)+1- xz))

c) py = (x1 + x; — 2x17)

Check-in 26.2




#HSAT € IP —version 1

Theorem: #SAT € IP
Proof: Protocol for V and (the honest) P on input (¢, k)
0) Psends #¢; Vchecks k = #¢
1) P sends #¢(9) a8 @ @olyndrcheidks # fsendifrOeffiecignic Drecall deg py < |¢| ]
V checks #¢ = #¢p(0) + #¢ (1) [by evaluating polynomial for #¢(z) ]
[P seeredts tanshow # ¢(£), is correct ]
2) Psends #¢(r,z) as a polynomial in z
V checks #¢(ry) = #¢(110) + #¢p (1) [by evaluating polynomial for #¢(r,2) ]

Vsends random, € [,
: Recall #¢p(a, ... a;) = z o(aq ... ay)
m) Psends #¢(ry -+ 1p,,—12) as a polynomial in z Ay1oian € {0,1)

V checks #¢(ry -+ 1yp_q1) = #d(ry -+ 11—10) + #P(ry -+ 11 1)
V sends random ry,, € [,

m + 1) Vchecks #¢(ry = 13,) = p(ry =+ 1)
V accepts if all checks are correct. Otherwise V rejects.
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HSAT € IP —version 2

Input (@, k) Verifier checks
Prover sends Verifier sends

“ =k
/ + \
#¢$(0)
#ep(ry)
/ + \

#¢d(r11)  If kis correct, V will accept.

If , V probably will
reject, whatever P does.




Check-in 26.3

P =NP ?

Deep learning will do SAT € P, but we won’t understand how.

But we will never prove it.

We will prove it but only after 100 years
We will prove itin nyears, 20 <n < 100
We will proveitinnyears,1 <n < 20
One of us is writing up the proof now...

Check-in 26.3




Quick review of today

Finished #SAT € IP and coNP C |IP

Additional subjects:

18.405/6.841 Advanced complexity F2021
18.425/6.875 Cryptography F2021

6.842 Randomness and Computation ?

Good luck on the final!

Best wishes for the holidays and the New Year!
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